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In this paper we discuss the problem of weighted simultaneous Chebyshev
approximation to functions f.,..., f,, € C(X) (1 < m £ ), i.e., we wish to minimize
the expression [{27, 4;1/; — g1°} |l where 4;> 0, 37,4, =1, p> 1. For this
problem we establish the main theorems of the Chebyshev theory, which include the
theorems of existence, alternation, de La Vallée Poussin, uniqueness, strong
uniqueness, as well as that of continuity of the best approximation operator, etc.

1. INTRODUCTION

Let X be a compact subset of an interval [a, 5] containing at least n + 1
points, where n is a fixed natural number. In the space C(X) of all real-
valued continuous functions f, we define the uniform norm | /| =
max, .y | f(x). Let M be an n-dimensional Haar subspace of C|a, b], and
h¥,..., b} a basis for M.

Let F=(fi,.»fn) where m<oo and f;,€C(X) Suppose the
corresponding weight of f; is 4; > 0, satisfying 3_4; = 1, where }_ denotes the
summation for j = 1,..., m. In case m = co, we shall further assume that F
satisfies the condition: the series D" 4,|f,(x)|’ is uniformly convergent, or
equivalently, is continuous. The set of all such F is denoted by #. We are
concerned about approximating F simultaneously with weights by an element
gEM in the sense of minimization of the expression |E )=
42 A; 15— q1P1?Il (1< p < o).

If there exists an element A € M which satisfies

14l = inf |I£,] 1)

then 4 is said to be a weighted simultaneous best approximation to F, or
simply a best approximation to F.

W. H. Ling [1] investigated the case when p=1, m=2, A, =4, and
showed that approximating in the “sum” norm is, with one restriction,
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equivalent to approximating the arithmetic mean. But it is rather difficult for
the cases m > 3 to get similar results by means of his method. In the present
paper, we use another method, ie., generalization of the definition of an
alternation system (Cf. Section 2), which enables us to obtain a number of
interesting results for the general case stated above, and indeed to establish
the main theorems of the Chebyshev theory, including the theorems of
existence, alternation, de La Vallée Poussin, uniqueness, strong uniqueness,
as well as the theorem of continuity of the best approximation operator.

2. NOTATION

Letting d be any real number, we still write E (x) ={}" A;|f;(x) —d|"}"".
Now let x € X be fixed. Put E*(x) = inf, E,(x) and D, = {d: E j(x) = E*(x)}.
Since E,(x) is a continuous function of d |2, p.26] and E,(x)— oo if
{d| — o0, the infimum of E,(x) is attained by some point d. Hence D, is a
non-empty closed set. We put f*(x)=max D, and call it an upper critical
function, and likewise put f~(x) = min D,, a lower critical function.

Let FE€.# be fixed and # € M be arbitrary. Define

Xy={x EX1Ey(x) =E4ll},
X, ={x€X,: f(x)> h(x)}, X_={xEX,: ft(x) <h(x)},
X,=x€X:fT(xX)2hx), X_={x€X;[fx)<hx)),
Xo={x€X: [ ()< h(x) < ST ()}
0@ =1, f7(x)>h(x)
=-1,  /7(x)<hx).
A system of n + 1 ordered points

x1<x2<"'<xn+1 (2)

in X, UX_[X,UX_] is said to be an alternation system [a generalized
alternation system] of 4 to F if it satisfies o(x,;, ) = —0(x;) (i= 1, 2,.., n).

We should point out that the previous notation simplifies in case p > 1
(since f* = f~, see Remark 2 below).

3. EXISTENCE AND CHARACTERIZATION

By the usual compactness arguments the existence of best approximations
may directly be obtained.
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THEOREM 1 (Existence). To each F € # there exists at least one best
approximation from M.

In what follows, we shall first show several lemmas for the preliminaries.
However, we need only to mention that using the inequality of Minkowski
[4, p. 123], it is easy to prove the following lemma.

LEMMA 1. E, is a convex function of q.

LEMMA 2. (a) For each xE€ X, E,x) is a monotone increasing
|decreasing| function of d on interval [f7(x), ®)[(—,f (x)]] and
satisfies E ,(x) = E*(x) on the interval [f~(x), f*(x)];

(b) f*(x)and f~(x) are respectively upper and lower semicontinuous:
limf*(»)<Sf*(x) and  lim f7(¥)>f(x)
y—x y—x

Proof. (a) From Lemma | and the definitions of f* and f~, it follows
immediately.

(b) It is easy to see that E,(x) is a continuous function of d and x.
Now let y,—»x and d, = f*(y,) > d. Thus, Edk(yk) =E*(y )< E (i) Ve
By continuity, we have E (x)<E.x),Ve. Hence E (x)=E*(x) and
d<f*(x). By the arbitrariness of d,, we have lim,_ . f*(»)< f*(x).
Similarly, it may be shown that lim __ f~(y) > f ™ (x).

Remark 1. As p=1 we may assume another equivalent definition

fix) >d

d: Y Aj)%fﬁ

filx)<d

Remark2. As p>1 we have f* = f~ € C(X). Actually, it is sufficient
to prove that for each x, D, is a set of a single element. Let d,, d, € D,
namely, E,(x)=E;(x)=E*(x). Then E ()4, 4ay(%)= 1E4,(x) + 3E 4,(x).
According to the condition under which the equal sign holds in the
inequality of Minkowski, there exists a number A for which fi(x)—d,=
Alf(x) — d,], Vj. It follows that either f;(x)= const., Vj or A = 1. From either
of them we obtain that d, =d,.

LEMMA 3. If s € M satisfies
ui=(=1)s(x)>0(<0), i=12.,n+1, 3)

where x, < x, < ++- < X, ., then s =0.

The proof of this lemma may be completed using a well-known method,
and therefore is omitted.
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LEMMA 4. If there exists a generalized alternation system of h & M to F,
then h is the unique best approximation to F.

Proof. Let (2) be such a system and let ¢ € M satisfy | E || <[ E,|. If
x; € X,, then f~(x;) > h(x;); we shall have g(x;) > h(x;), for otherwise, by
part (a) of Lemma 2, from q(x;) < A(x;) it would follow E (x;) > E,(x;) =
|E,l. Similarly, we can show that if x;€ X_, then g(x;) < h(x;). Thus
s = q — h satisfies (3) at the points of the generalized alternation system (2).
By Lemma 3, s = 0, viz., ¢ = h. This proves that 4 is the unique best approx-
imation to F.

THEOREM 2. Let h€ M. If X, + @&, then h is a best approximation to F,
and ||E,|l = e= || E*||.

Proof. Let {€ X,. Then ||E,| = E,(£) <e. But for any g € M we have
E,(x)> E*(x). Hence ||E,|| >e. Thus [E,||<||E,ll and ||E,| =e.

THEOREM 3 (Characterization). Let h € M, and suppose X, = @. Then
the following three statements are equivalent:

(a) & is a best approximation to F;

(b) 0e#{o(x)X:x € X,}, where # denotes the convex hull and
X = (), BT (X));
(c) there exists an alternation system.

Proof. (a)=(b). It can be proved by contradiction. Suppose
0 € #{o(x)%: x € X,}. Since X, is clearly compact, we have by the theorem
on linear inequalities [2,p.19] that there exists ¢gEM such that
o(x)q(x) >0, Vx € X,. We are to prove that there exists 4 > 0 for which
r=h + Aq satisfies | E,| < || E,].

First, let € X,. Then /(&) > h(&), o(£) > 0, g(¢) > 0. By the lower
semicontinuity of /'~ and the continuity of 4 and ¢, f~(x)—A(x)>e>0
and g(x) > 0 are valid in some neighborhood 4, of & Taking 4, =¢/||qll,
when 0 <41 <4, and x € 4; we have

ST = rx)=[70x)— h(x) — Aq(x) > e — A ]lq] = 0.
By part (a) of Lemma 2, it follows that
E()<|E,l, 0<A<4,x€E4,. 4)

Repeating this argument for £ € X_, we can get some neighborhood of £ and
some positive number 4, such that (4) is valid.
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Next, let ¢E€ X,. Then E,(£) < ||E,|. It is easy to see that E,(x) is a
continuous function of x and A. Hence there exists a neighborhood 4, and a
positive number 4, such that (4) is valid also.

Since Xy, =@, U;cx4, > X. By the finite covering theorem there exists a
finite number of neighborhoods 4,,..., 4, covering X. Taking the minimum of
the corresponding positive numbers 4,,..., 4, , denoted by A, then for such a 1
and all x € X we have E (x) < || E,|. Hence | E,| < | E,|l. This contradiction
proves the implication (a)=> (b).

(b)= (c). This is a standard statement and, for example, it may be
found in [2, p. 75].

(c)= (a). It can be shown by Lemma 4.
From Theorem 2 and Theorem 3 we obtain the following complete charac-
terization of best approximations.

THEOREM 4 (Alternation). & € M is a best approximation to F if and
only if it satisfies one of the two conditions:

(@) X,#a;
(b) There exists an alternation system.

4. UNIQUENESS AND OTHER THEOREMS

THEOREM 5 (de La Vallée Poussin). If 4 € M satisfies o(x; ) = —0o(x;)
(i=l,...,n) at n+ 1 ordered points (2), then

E(F)= inﬂf; IE,|| > min E,(x)).

Proof. Suppose on the contrary E(F) < min; E,(x;) < E,(x;). Let gEM
satisfy || E,|| = E(F). By a similar argument made in the proof of Lemma 4 it
still follows that g = 4. But this is not possible.

THeOREM 6 (Uniqueness). Let h€ M be a best approximation to F.
Then h is the unique best approximation to F, if h satisfies one of the
Jfollowing conditions:

(@) Xy=@;
(b) there exists a generalized alternation system;
) [E>e

Proof. (a) Since X,=@ and & is a best approximation, by Theorem 3,
there exists an alternation system. By Lemma 4, 4 is the unique best approx-
imation to F.
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(b) It immediately follows from Lemma 4.

(c) ||E4|l > e implies X, =@, for if £ € X, then |E, || = E,(£) < e (see
the proof of Theorem 2).

THEOREM 7 (Uniqueness). Let hEM. If X, NX_=@ and f*,
[~ € C(X), then h is the unique best approximation to F if and only if there
exists a generalized alternation system.

Proof. The sufficiency follows from Lemmad4. We proceed to the
necessity part. Divide the interval [a, b] by the points

A=y <Y<Y, <<y, <y, =b

so that the following two conditions are alternately satisfied on each sub-
interval 4,= [y, ,,»;] (i=loou): (1) X, N4,#@, X_NA4;,=2 and (2)
X_N4,+@, X, N4;=@. Thus we need only to prove y > n, and shall
show it by contradiction. Now suppose ¢ < n. By the Haar condition there
exists g € M such that g(x) becomes zero and changes signs at the points
Visees Yy 1> meanwhile, g(x) # 0, Vx € (a, b)\{y s Vu_1} [3, . 30]. Hence
by appropriately selecting the sign of g, we have o(x)g(x)>0,
VxEX, UX_.

When & € X, from the proof of (a) = (b) in Theorem 3, it has been shown
that there exists some neighborhood 4, of ¢ and some positive number 4,
such that (4) is valid, where r=h + Aq.

When ¢€X,N(X,UX_), noting X,NX =@ and writing
= (f* +/7)/2, we have 6(&)[ /(&) — ()] > 0, a(&) g(¢) > 0. According to
continuity there exists some neighborhood A4, of ¢ such that
oO[f(x)—hx)]>e>0 and o()g(x)>0 for all x€Ed4,. Taking
A;=¢/llgl, we have that 0<A<A, implies o(&)[f(x)—h(x)]>
6(&)[f(x) — r(x)] > 0. By Lemma 2, we get

E)<IEl, 0<i<A,x€E4,. )

When ¢ € X, \(X, U X_), we have fl&) < h(£) < f*(&). Hence there exists
some neighborhood 4, of £ and some positive number 4, such that 0 <4 <4,
and x € 4, imply £~ (x) < r(x) <f*(x). Whence (5) is valid also.

Applying the finite covering theorem, we find A >0 such that
lE, | <||E,ll- We note that r=h + Ag + h. Thus r is another best approx-
imation to F, and this is a contradiction. Consequently we conclude g > n.

THEOREM 8 (Strong Uniqueness). Let h € M be a best approximation to
F. If X, =@, then there exists a constant v > 0 depending on F such that for
any g€ M,

IE P ZNE NP +vIlh—qlP. ()
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Proof. If |E,)|=0, then fi=---=f,=h and v=1. Let us assume
therefore that ||E,|| > 0. By Theorem 3, 0 € #{o(x)X: x € X}, viz., there
exist points x,.,..., X, € X,, such that

k
0=">" 8,0(x,) hF(x)), ¥8,>0,j=1,.,n
io

By Carathéodory’s Theorem [2,p. 17] and the Haar condition, k = n. Let
r€M and ||r|| = 1. We have }'7_, 6,0(x;) r(x;) = 0. By the Haar condition,
the numbers o(x;) r(x;) are not all zero. Since #, > 0, we infer that at least
one of o(x;)r(x;) is positive. Consequently max,o(x;)r(x;) > 0. Hence
v* = miny,_, max; o(x;) r(x;) > 0, for it is the minimum of a positive
continuous function on a compact set. Now let g€ M. If g=h, the
conclusion of the theorem is trivial. Otherwise, r = (h — q)/||h — q|| is of unit
norm. Consequently, there exists an index i for which o(x,) r(x;) > v*.

On the other hand, if o(x,) > 0, £ ~(x;) > A(x;). And there clearly exists an
index j; such that f;(x;) > f~(x;). Take 0 <A} < A, such that the condition
£ () > h(x,) is satisfied by the lower critical function f~, corresponding to
Siseos fr with 2., 1, where

=, = =25, J=J

This is indeed possible. In order to do this, it is sufficient to prove
lim,; o/~ (x;) > £~ (x;). By the definition of /'~ (x;), we have that

ij“(;'(xi) _fA(xi)|p<zzj|f;'(xi)—clp’ Ve
or

Z AL fi(x:) —fx)P — l}‘: |.f5,(x) — ()P
LX) — el =2 1f ) =Py Ve

Let d be any cluster point of f~(x,) as A¥— 0. Then by the continuity of
E (x) from the preceding inequality it follows that

S 4fx)—dP <SS L1fx) —cPs Ve

Namely, d > f~(x;) and lim,: , /'~ (x;) >/~ (x;). Using part (a) of Lemma 2
from 7~ (x;) > h(x,) > q(x;) (for a(x,) r(x;) > 0) it follows that

Z Ij lf](xl) —h(x )P < Z Ij |f/(xl) —q(x)f
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or

Z A |j;(x,) — h(x,)lP — '17: |f;‘;(xi) — h(x;)l
<A1 — e — AF1f(x) — g(x)P.

Similarly, if o(x;) <O, there exists an index j; and a positive number 4} such
that 0 < A} < A; implies that the preceding inequality is valid. Taking A* =
min{A}} > 0, we have (here using the inequality (|u|+ [v]y > |uf +|vf [2,
p. 11, Prob. 8]) that

”Eq”p > EZ(xf) = Z '11 |f,(xz) —q(x)l — 'l}l:f}i(xi) —q(x)f
+ A5 k%) — g )PP
>N A 1f00) — hx)l? — ARS (x) — h(x)P
+ A5 1) — g
> Ej(x;) + Af | h(x)) — q(x)PP
ZNE +2*0*P |k —ql? = E4 P + vilh—qlP,

where v = A*(v*) depends only on F. The Theorem is proved.
Now, for G= (g, &n) EF, let £G be any best approximation to G
from M. Then we have the following theorem.

THEOREM 9 (Continuity). If X,=@ for €F and F, then to F there
corresponds a number A > O such that for all G € 7,

|EF — &G|P <AEF) + 2p(F, G)|P~' p(F, G), 7
where p(F, G) = ([{3_A;1/; — g P}l

Proof. Let h=€F and ¢q=€G in (6) and the inequality
u? —vP < puP "' (u — v) with u > v > 0. We have

VIEF =G <IEsl — | Eeel’ <PIEGP ™" (|Eeqll — | Egel)- (8)

But
Yp

IEeol <o, 6)+ || 4y g~ P

yp

<o(F,G) + ”)2 Jlg;—EFP

< 2p(F, G) + | Eggll.

Inserting this in (8) and noting E,. = E(F), we let 1 = 2p/v and obtain (7).
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THEOREM 10. Let m= co. Let hy be a best approximation to (f,..., fy)
with weights A,,..., Ay from M, and h be one to F from M. If X, =@ for h
and F, then

|y — k|- 0, N- .
Proof. Evidently
N N O
Z/‘[’j|f;’—hN|p:ZAjlf;'vhN‘p+ Z /ljihN—thp’
j=1 i=1 J=N+1

so that A, is also a best approximation to Fy = (f),.... s Ay, Ayse) With
Aysees Ays Ansts Ays2se. . Then by Theorem 9, we have that

Ay — AIP S ALE(F) + 2p(F, Fy)1P~! p(F, Fy), )
where
w0 yp
pEr)= || S 4ls-np
@ 1/p o]
S oagne| (2 a) i

Now, let us estimate || 1, ||. By the definition of A,, we get

N i/p
> A,-|f,-|"§
j=1

ip

9

N
Z }‘j |f/ - thp
j=1

whence
N Vp N Vp
AING <z\ S 4,15
j=1 i=1
Thus
N N vp
nas () i ]}
= j=1
Consequently
0 i/p
ARSI xj\fj\"§
J=N+1

-0, N- .

N 1/p
> 4,17]
=

(3 )[EH]

From (9) it follows that ||, — Al| > 0, N - co.
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